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For polymers and other homologous mixtures that span a molecular weight (MW)
range, many reaction mechanisms involve the formation, addition and decomposition
of free radicals. In the chain reactions of polymerization and depolymerization, radicals
and polymer molecules interact by a variety of primary reactions. We postulate that
these radicals and molecules can be described by continuous molecular weight distribu-
tions (MWDs). Their chemical interactions are developed from generic, reversible addi-
tion or bond scission reactions. Distribution balance equations are proposed for initia-
tion-termination and propagation-depropagation reactions, such as hydrogen abstrac-
tion, disproportionation, chain cleavage, and radical coupling. A comprehensive model
including all these events conforms to the special mechanisms for chain-end depolymer-
ization and for random-scission polymer degradation. The evolution of an MWD from
initial state to final equilibrium is described by the time dependence of MW moments.
Irreversible degradation or polymerization relationships are obtained as limiting cases.
First-order rate constants observed in pyrolysis and thermolysis reactions are composed

of algebraic groups of primary reaction rate constants.

Introduction

The chemistry of radicals is fundamental to many reac-
tions of hydrocarbons and polymers, such as pyrolysis, ther-
molysis, and polymerization. These processes involve bond
scission (fragmentation) and addition (polymerization) reac-
tions, which lead to mixtures spanning a range of molecular
weights. According to the Rice-Herzfeld chain reaction
(Gavalas, 1966; Nigam et al., 1994), the elementary steps are
initiation, propagation, hydrogen (H-) abstraction, and termi-
nation. The elementary components engaging in the chain re-
action are paraffins and olefins in the forms of monomers,
oligomers, and polymers and the corresponding radicals. We
will distinguish between end and midchain radicals, where
the unpaired electron is located at the chain end or else-
where along the chain. H-abstraction reactions allow radicals
to be quenched (stabilized) by capturing a hydrogen atom
from a stable position. Such H-abstraction reactions may be
intermolecular (typically biomolecular) or intramolecular (for
example, backbiting).
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Complex mixtures of homologous components can be char-
acterized by the moments of their distributions. The finite
number of chemical components in a mixture implies that
moments should be defined as sums over the components in
the frequency distribution, constituting the molecular-weight,
or chain-length, distribution. However, sums can be difficult
to evaluate compared to integrals. Continuous-distribution
kinetics is valid when the MWD allows integrals to represent
averages of the distribution. As in numerical integration, a
sum over mixture species can be approximated by an integral
when we have sufficient smoothness and a large enough
number of intervals (chemical components). The smooth na-
ture of gel permeation chromatographs supports the notion
that continuous MWDs may be appropriate for many poly-
mer processes. The theoretical resuits of the discrete and
continuous models should be identical for mixtures with many
components. The continuous-distribution theory has been ap-
plied to the dynamics of polymer reactions by, for example,
Gloor et al. (1994), Wang et al. (1995), and Browarzik and
Kehlen (1997).

The objective of the present work was to develop a contin-
uous-distribution approach for chain reactions of interacting
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molecules and radicals. The chemical interactions are generic
reversible addition or chain scission reactions between distri-
butions of paraffins, olefins, and end- and midchain radicals.
Distribution (population) balance equations for MWDs are
proposed for initiation-termination and propagation-deprop-
agation reactions, such as H-abstraction, disproportionation,
chain cleavage, and radical coupling. We ignore solution den-
sity changes (volume contraction) and gel effects. If the
change in average MW of the polymer mixture is not too
great, one can consider that the rate coefficient k is inde-
pendent of x (Madras et al., 1997); hence, we will develop
the present theory by assuming & is constant with x. The
integrodifferential governing equations are solved in terms of
molecular-weight moments. The moments form a hierarchy
of ordinary differential equations, which can be solved nu-
merically up to the desired moment order, usually up to sec-
ond moments. In the present treatment we invoke two com-
mon approximations and solve analytically for algebraic mo-
ment expressions. The long-chain approximation (LCA)
(Gavalas, 1966; Nigam et al., 1994) maintains that initiation
and termination reaction events are infrequent and therefore
their rates are negligible relative to H-abstraction and propa-
gation-depropagation chain reaction rates. The quasi-sta-
tionary-state approximation (QSSA) is valid when the con-
centration of free radicals is extremely small, so that their
rate of change with time is negligible compared to other rates.
For either chain-end or random scission, the results show that
reversible processes reduce to irreversible decomposition re-
actions when the addition (repolymerization) rate coefficients
are relatively very small. Previously derived and experimen-
tally verified expressions for polymer degradation are thus
recovered from the generalized theory. When addition (re-
combination) reactions dominate over decomposition, well-
known polymerization results are recovered.

General Reactions of Polymers

We consider that macromolecules can react in three ways:
by transforming without change in molar concentration, by
undergoing chain scission, and by combining to form higher
MW compounds. For generality, we allow that each com-
pound in a given reaction is distinguishable, and then specify
for particular cases when the compounds are indistinguish-
able within a class, such as the class of radicals or of stable
macromolecules. We indicate the chemical species with the
capital letters P(x), Q(x), R(x), where x represents a con-
tinuous variable, either the MW or chain length. The MWDs
of these species are p(x,t), g(x,¢), and r(x,1), respectively,
where at time ¢, for example, p(x,#)dx is the molar concen-
tration {mol/volume) of species P having values of x in the
range x to x + dx.

Simple transformation reaction

A transformation without change in chain length or with
negligible change in MW, such as from a radical to a stable

polymer, can be written as

)
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R(x) - P(x)
3206

If k(x) is the rate coefficient for this reaction, then the rates
of change of the two species are

Ip/ot =k{(x) r(x,t)=— dr/at 2)
Chain scission reaction

When a chain is cleaved by bond scission, the two products
have MWs, x and x' — x, that add to the reactant MW, x’,

P(x') - Q(x)+ R(x - x) (3)

The rates of change of the three species are
ap/it=—k(x)p(x,t) )
3q/dt = r/dt = ka(x’)ﬂ(x,x/)p(x’,t)dx’ (6}

The rates for g and r have equivalent forms because the scis-
sion stoichiometric coefficient, or kernel, is symmetric (Aris
and Gavalas, 1966), Q(x,x") = Q(x’ — x, x'). The kernel rep-
resents a reaction in which a molecule cleaves into two prod-
uct molecules whose sizes, x and x’ — x, sum to the reactant
size, x' > x. This leads to the normalization

/ 00x, ¥ )dx = 1 (6)
0

A general expression for the stoichiometric coefficient is
(McCoy and Wang, 1994; McCoy and Madras, 1997)

Qx, x)=x"(x' = )" TCm+2) /[T(m + 1 (x)Y" ' (D

When m =1, this expression reduces to the quadratic form
used by Prasad et al. (1986) for coal thermolysis and by Ziff
and McGrad?/ (1986) for polymer degradation, {x,x’)=
6x(x’ — x)/x’". When m =0 the products are evenly dis-
tributed along all x < x', that is, Q(x,x’)=1/x', which de-
scribes the totally random kernel (Aris and Gavalas, 1966).
As m —x, the stoichiometric coefficient describes scission
that occurs at the chain midpoint, Q(x, x') = 8(x — x'/2). For
chain-end scission when a specific product of fixed MW x;
and a chain of MW x".— x; are formed, the stoichiometric
kernels are 8(x — x,) and 8(x —(x’ — x,)), respectively. By
definition, such Dirac delta functions are symmetric and nor-
malized to unity.

Addition reaction

Two macromolecules of MW x’ and x —x’ can join to-
gether by bimolecular chain addition or cross-linking to form
a product of MW x

P(x)+Q(x—x') = R(x) (8)

The rates depend on concentrations of both reactants and
hence are second-order
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op/t =~ k(x) p(x) [0 () & ©
9/t = — k(x) q(x) [0 p(x) & (10)

ar/dt =ka(x’) p(x') q(x —x') dx’ 11)
0

Moment solution

Integra! forms of the above rate expressions lend them-
selves to moment calculations. Moments of the MWDs are
defined as the integrals over the MW x; for example,

0= [ p(x,0x" dx 12

The zeroth moment (n = 0) is the time-dependent total molar
concentration (mol/volume) of the macromolecule. The first
moment p{(¢) is the mass concentration (mass/volume). The
normalized first moment (average MW) and second central
moment (variance of the MWD) are given, respectively, by
p*e = pWp® and p**r = p@/p® —[ p*E%. The polydisper-
sity is defined as the ratio of the mass (or weight) average
MW, M, = p@/pV, to the molar (or number) average MW,
M, = p®e, that is, D= pPp®/[p". The three moments
p®, p™&, and p**" provide the shape characteristics of the
MWD, and can be used to construct the MWD. When the
initial MWD is p(x,t =0)= p,(x), its moments are p'(s =
0)= p{™. The T distribution function is a versatile represen-
tation of distributions (Cotterman et al., 1985; Wang et al.,
1994, 1995) that can be constructed from the zeroth, first,
and second moments.

General Model for Radical Reactions

We will consider that branched and linear polymers un-
dergo (H-)abstraction, disproportionation, chain cleavage,
and radical coupling reactions with mathematical representa-
tions in terms of MWDs. Chain scission is bond scission in
the backbone of a polymer or radical, whether linear or
branched, proceeding either with random or specific (for
chain-end scission) distribution of products. Addition reac-
tions occur between radicals and olefins. We adopt the nota-
tion in Table 1 for the general model of radical reactions.

The initiation and termination of radicals are represented
by the reversible reaction

k
P(x)‘-T—!-‘R;(x’)+ R)(x—x) (13)

The forward reaction represents an initiation reaction by C-C
bond scission, with rate coefficient kf, forming two end-radi-
cals. The reverse reaction with rate coefficient k, is termina-
tion by radical coupling. According to the long chain-reaction
approximation (L.CA), these reactions, although necessary in
the complete mechanism, have a negligible effect on the
overall rate of the reaction (Gavalas, 1966; Nigam et al., 1994).

The reversible chain scission of radicals (propagation-
depropagation) and H-abstraction occur orders of magnitude
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Table 1. Species Symbol and MWD Notation for
Macromolecule and Radical Reactions

Species MWD

P(x) p(x,1) n-alkane or isoalkane polymer

Q(x) ql(x,t) Polymer with at least one unsaturated C-C bond
(alkene)

Q,x) gq/x,t) Monomer or oligomer of MW x, such as an alkane
or alkene specific product of chain-end scission

R.(x) r/{x,t) Radical with an unpaired electron at the chain end

R;(x) r/(x,t) Radical with unpaired electron at a random
position on a main chain carbon

R;(x) rx,t) Radical formed by intramolecular isomerization
(backbiting reaction) of R+

R.(x) r,{(x,t) End-radical given by fragmentation of R,

Definition

more frequently than initiation-termination events. The
Fabuss-Satterfield-Smith mechanism, where intermolecular
H-abstraction is an important elementary reaction, has been
applied to high-pressure thermal treatment (Khorasheh et al.,
1993). Radical-promoted abstraction of a hydrogen atom from
a polymer gives both an end-radical and a midchain (random)
radical,

P(x){—hi*R;(x) (14)
kpr
P(x)k—‘—"R,'(x) (15)

Hr

The quasi-steady-state approximation (QSSA) for radical
species allows these reactions to be expressed as pseudo-
first-order reactions. H-abstraction may be expressed as a
disproportionation with a transition-state species S,

P(x)+ R'(x’)%S'(x +X)BR()+ P (16)

The moment method of solution of the MWD balance equa-
tions, or a conventional chemical kinetics procedure for mo-
lar concentration, provides the equations for the zeroth mo-
ments,

dp®/dt = dr®/dt = — ds@ydt = — ky pOr® + (k' + k,)s©
an

Applying QSSA as dsO/dt =0 yields k; p@r® = (k} +
k,)s®, from which it follows that

dp®/dt = = ky, p© + k1@ =0 (18

where kj, =k, r® and k; =k, p©. It follows that k,/ky =
r@/p® <« 1, which is precisely the relationship one obtains
from applying QSSA to the reaction

P(x){_éR‘(x) (19)

because Eq. 11 applies. Thus, we can use Eq. 19 as a simplifi-
cation of Eq. 16 to represent H-abstraction.
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Radical chain scission yiclding an olefin and a radical, and
recombination to form a radical are represented as

R(x)—Q(x")+ R (x—x") (20)
RAxI+Q(x) = R (x+x") @2n
R+ QX)) > R (x+ ") (22)

Random chain scission is expressed as S-scission of a random
radical, vielding an alkene and an end-radical (Eq. 20). An
alkene can undergo recombination with a radical by addition
to form a branched radical (Egs. 21 and 22) denoted as a
random radical.

Chain-end scission yiclds specific products, such as a
monomer (C2 fragment of a main chain such as ethylene or
styrene) or an oligomer of MW x,, denoted as Q(x,)
Monomer formation can be given by both B-scission of an
cnd-radical (Eq. 23) and S-scission of a specific radical that
is the result of a 1,2-radical shift of an end-radical {(Egs. 253
and 26).

RAix}eQ(x )+ R(x—x) (23)

R+ Qx = R (x+x) (24)
An end radical is strongly reactive and undergoes chain-end
scission resulting in the formation of the C2 fragment
moenomer (such as ethylene or styrene) as in Eq. 23. The re-
verse, or recombination, reaction 1s the addition of the
monomer to the chain-end radical to yicld a higher MW
chain-cnd radical. A random radical can also combine with
the monomer (Eq. 24) 1o give the corresponding branched
radical. treated here as a random radical when the branching
is short.

Reactions of oligomer radicals and nonradicals arc written
as foilows:

RIS R () (25)
R;.(x)%aQS(xs)+ Ri(x—x,) (26)
R+ Qx5 R e+ ) (27)
RGOSR (5 )+ 0x— 1) (28)

Ri(x )20 (x) (29)

An ¢nd-radical can undergo intramolecular isomerization to
form a specific radical R (Eq. 25), that is, the end-radical
stabilizes 1o the corresponding radical. Such an intramolecu-
lar transformation can be a 1,2-, 1,4-, 1,5-, or 1,6-shift reac-
tion depending on the chemical structure. The resulting radi-
cal species can undergo B-scission affording specific com-
pounds (Eq. 26), usually with farge rate cocfficients or low
activation encrgy. Addition of the alkene specific product to
an cnd-radical is the reverse (Eq. 26). Addition of a specific
product to a random radical is shown in Eq. 27, Formatien of
specific compound (x,) via H-abstraction of the cnd-radi-
cal R, is depicted in Eqs. 28 and 29.
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A mechanism for intramolecular radical isomerization
(backbiting) of r-alkanc via a cyclic transition state (Ravve,
1995; Mira, 1978) is included in the Rice-Kossiakoff mecha-
nism (Kossiakoff and Rice, 1943}

'

2

H H é kih b
| PN Ty
.,,‘\/CH o0 \/ \/\Cl'b

1 2
a CHy
b 2 (30)

—_—— TN TR, H0—CHy

The intramolecular isomerization of the end-radical (1) by
the five-membered transition state gives a specific radical (2),
subscquently followed by two modes of fragmentation. One
mode (a) yields an alkyl radical and 1-pentene. Another mode
(b) yiclds a 1-alkene and ethyl radical, which can give cthy-
lene and ethane via disproportionation and #-butane via cou-
pling. Similarly, specific chain scission via a six-mcmbered
transition statc can afford 1-hexene and propyl radical, a pre-
cursor of C3 and C6 species as specific products. The actual
reaction will depend on the polymer chemical structure.

Distribution balance equations can be written for all the
reactions in the general model. MWDs can in principle be
measurcd by a combination of HPLC-GPC and GC-MS. The
analytical chemistry difficulties are comparable (o those ap-
proaches that use lumping proccdures {(Nigam et al, 1994;
Nigam and Klein, 1993; Savage and Klcin, 1989). The advan-
tages of our proposal may be that computational demands
arc reduced (no matrix inversions arc needed) and closed-
form algebraic results allow straightforward recognition of
parametric effects. Aside from the specific products, the con-
tinuous-distribution method describes the macromolecular
components as averages (MW moments), rather than as indi-
vidual conecentrations at cach MW, To illustrate the concep-
tual method, we will present cxamples of derivations. The
system of equations is simplified by recognizing that the usual
GPC analysis does not distinguish between alkancs and
alkenes; hence, we combine them together as P(x). For ran-
dom scission, we further treat all radicals as similar, and de-
notc them as R'(x). The chemical reactions then condense
to initiation-lermination, H-abstraction, and propagation-de-
propagation steps for random and chain-end scission. We will
derive for these simplifications the kinctic cxpressions that
are known to describe experimentat data (Wang ct al.,, 1995;
Madras et al., 1995, 1996a,b).

Reversible Random Chain Scission and
H-Abstraction

Polymer degradation or solvolysis can ogcur in some cir-
cumstances solely by random chain scission, and so in this
section we ignore chain-end scission. Below the ceiling tem-
perature, recombination (polymerization) chain reactions can
produce highcr MW polymer. The following scheme includes
the major elcmentary steps in the Rice-Herzfeld mechanism,
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as discussed by Gavalas (1966) and Nigam et al. (1994) for
high-temperature hydrocarbon conversions

P() R () + R (x = ¥) 31)
P(x)<—:i->R'(x) (32)
R'(x)e—:;i-»P(x’)+ R'(x—x") (33)

The symbol P(x) here represents both alkane and alkene,
and p(x,t) is the corresponding MWD. The distribution bal-
ance equations for p(x,¢) and for radical MWD, r(x,t), are
as follows

ap/ot = — kfp(x)+ k,[xr(x’)r(x ~xdx' -k, p(x)
0

+kyr(x)+ kbfxr(x’)ﬂ(x,x’)dx’ -k, p(x)fxr(x’)dx’
X 0

(34)

Ir/at = 2kffxp(x’)0(x,x’)dx’ -2k, r(x)fxr(x’)dx’
X 0
+k,p(x)—kyr(x)—k,r(x)+ kbfxr(x’)Q(x,x’)dx’
[ 1= ) pOd — kyr () [ pladdd (35)
0 0

The initial conditions are p(x,t=0)= p(x) and r(x,1)=0.
Applying the moment operation (McCoy, 1993; McCoy and
Madras, 1997), 31 1 x" dx, to both integrodifferential equa-
tions yields

n
dp'™/dt = — k, P+ k, Z ("j)r(f’r(" i kypt™ + kg r™
j=0

+hky Zy v~k pr®  (36)
dr'"yds = 2k Z,, P =2k, rr@ 4k, pt — ko

n
~ kP 4 kyZ, T 4k, X )PP D — e pp©
j=0

37)

For random scission, Z,;, =1/An +1). The initial conditions
for moments are p“(t = 0) = p{" and r"(z = 0)= 0.

The LCA is based on the negligible effect of initiation and
termination reactions compared with the predominant influ-
ence of the chain (propagation-depropagation) reactions, We
assume accordingly that terms involving k, and k, can be set
to zero. This assumption is based on the relatively insignifi-
cant magnitude of k, and the extremely low probability of
addition reactions between radicals at small concentrations.

The basis of the QSSA is the small number of radicals, and
therefore the negligible change with time of the radical MWD,

Ar(x,t) /3t =0 (38)

AIChE Journal

December 1997 Vol. 43, No. 12

It follows that the rate of change of moments for the radical
MWD is vanishingly small, dr'")/dt = 0. For the radical con-
centration to be small implies that k,/k; <1, so that the
H-abstraction to quench radicals is much faster than their
formation. Applying the QSSA for ® demonstrates that r”
< p®

r O =(k, /ky)p® 39)
and therefore
dp®/dt = (ky =k, p)r® = U, =k p @) ki /)P (40)
Integrating with the initial condition yields
pO() = /(e — Dk, sk, +1/pD] (41)

where k =k, k,/ky. The equilibrium relation is found from
the long time limit

pOUt s w)=pO =k, /k, (42)

The summation of first moments (n =1) for polymer and
radicals (total mass concentration) is

dlr®+ pM]/dt =0 (43)
confirming the conservation of polymer mass. This mass con-
servation requirement applies for all models as a check that
distribution balance equations have been properly stated and
algebraic manipulations have been performed without errors.

Applying the QSSA gives dr/dt = 0; it follows that dp"/dt
= 0, which integrates with the initial condition to

PO = p) (44)

The radical mass concentration becomes

rD = (ke + ket pS gy + ke /2) (45)

The time-dependence of second moments with the QSSA
is given by

dp®ydt = — ky p® + kpy r® +(ky/3Dr® — k, pOr® (46)
dr®/de =k, pB — kyr® — 2k, /3)r?®
+k, (pPr® 42 pOrDy=0 (47)
Summation of these equations gives
dp@/dt = —(k,/3)r® +2k, pr® (48)
and from Eq. 25
r®=[(k, +k,r® p®+2k, pOr®O) Ak, +2ky/3) (49)

Substitution of pV, » and r® in Eq. 48 and integrating
with the initial condition yields
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POt =[4k (ky+3kp) pSPky(ky + 2k )]
+{pP — 4k (ky+3kp) pS2 A ky ey +2 k)]
explk,[—k,t+Ink, —In{k, — k, pO[1~exp (k)]}/
2k, +3k,)) (50

in terms of k = k,k,/k,. The equilibrium limit is

POt 5 x) = p@ =[4k, (ky +3ky) p%k,(ky +2k;,))
(51)

The equilibrium values of number-average and mass-average
MW and of polydispersity are

Mnx =p((>1)(ka/kb) (52)
M, = 4p Ok (k, +3k,) /k,(ky +2kp,) (53)
D, =4(k, +3ky) [k, +2k;,) (54)

The equilibrium polydispersity is independent of initial con-
ditions. Also, since usually k, > k,, we have M, =
6p.k,/k, and D, = 6, which indicates that MWD broaden-
ing occurs when random chain scission and recombination
reach a dynamic equilibrium after a long time. Other treat-
ments of reversible chain scission were limited to the mass or
molar concentration (such as Blatz and Tobolsky, 1945;
Odian, 1991) and did not provide expressions for higher mo-
ments. A shortcoming of the long-time results is our assump-
tion that all rate coefficients are independent of x. Conver-
sions increase with time, and for large conversions chain-scis-
sion rate coefficients should be functions of x (Madras et al.,
1997). The broadening is exaggerated (D — 6 rather than 2),
because larger molecules are not cleaved as often as when
the rate coefficient increases with MW, For small conver-
sions observed in experiments conducted over several hours,
however, rate coefficients independent of x are adequate.

One cannot distinguish between polymer reactants and
products in the continuous-distribution model of polymers
undergoing chain scission and addition reactions. Thus, a sin-
gle MWD p(x, t) represents the polymer mixture at any time
t. The zeroth moment p{?, which is the equilibrium molar
concentration given by Eq. 42, serves in the place of the
mass-action form of the chemical-reaction equilibrium con-
stant. With k, = k, e "5%T and k,=k,,e " 5~F7, in terms of
the energies of activation, E, and E, for chain scission and
addition, respectively, we obtain from Eq. 42 a result related
to the van’t Hoff equation

O = K, e~ SHAT (55)

D=

where K, =k, /k,, and AH=E, — E, is the heat of reac-

tion. Polymer degradation is typically endothermic AH > 0.
If the molar free energy of polymers is u(x) (Cotterman et

al., 1985), the total free energy of the (reacting) solution is

G() = [ plx,0) plx) dx (56)
0
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When u(x) can be represented as a polynomial in x, the free
energy is the sum of MW moments of p(x,t), and G is mini-
mized when the moment derivatives vanish at equilibrium.

Irreversible random chain scission

In the absence of recombination (k, < k,) the zeroth and
second moment expressions (Egs. 41 and 50) reduce to

pO) = p ek 5D

PNe) = pPexp[ — kykyt/(3ky +2k,)] = pPe™ 7 (58)

when k&, > k,. These results are identical with earlier re-
ports (Wang et al., 1995; Madras et al., 1995), which did not
account for the radical mechanism, but merely allowed for
random-chain fragmentation, as in

P(x) 55 P(x)+ P(x' — %) (59)
Since E, =29 (Song et al., 1994), E, =8 (activation energy
for intermolecular H-abstraction, Kerr et al., 1951), and E
=0 kcal/mol (activation energy for radical stabilization,
Lehni et al., 1979), the activation energy for the degradation,
E,+ E,— E;; =29+8—0=237 kcal/mol, is in general agree-
ment with experimental values (Wang et al,, 1995). Differ-
ences in chemical structure, such as side groups and branch-
ing, will affect the activation energy.

Irreversible addition reaction

This case (reverse of random chain scission) is analogous
to irreversible step-growth polymerization. In the absence of
chain scission (k, < k,) the zeroth and second moment ex-
pressions (Egs. 41 and 50) reduce as follows, where k,=

kokn/ky

PO = p},o)/[l + pf,o’kp t] (60)

and
POy = pP +2k,p [t + (k) In (1+ pPk,t)] (61

One can readily show that the expression for polydispersity
for large time is asymptotic to D = 2, the classic result for the
most probable MWD in polymerization (Dotson et al., 1996;
Odian, 1991). The continuous distribution approach is thus
consistent with discrete step-growth polymerization kinetics,
when the addition rate coefficient is assumed independent of
x (Dotson et al., 1996, page 84).

Reversible Chain-End Scission and H-Abstraction

The end radical plays an important role in depolymeriza-
tion by chain-end scission, which yields either monomer or
other low-MW specific products. For poly(methyl methacry-
late) (PMMA) or poly( a-methyl styrene) (PAMS), only chain-
end scission to monomer occurs at the temperatures investi-
gated by Madras et al. (1996a,b). The end-radical can under-
go radical isomerization to form a specific radical via a radi-
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cal-shift reaction. As a result, polymers such as poly(styrene
allyl alcohol) (PSA) and polystyrene yield low MW products
in addition to the monomer. For example, PSA not only un-
dergoes random scission, but also gives monomers, dimers,
and trimers by chain-end scissions with lower activation ener-
gies than the corresponding values for random chain scission
(Wang et al., 1995; Madras et al., 1995). Our analysis shows
that expressions comparable to those in Madras et al
(1996a,b) are obtained. Isomerization of the radical proceeds
via a cyclic transition state, such as a six-membered ring
(Ravve, 1995). Fragmentation by B-scission of the resuiting
radical always gives small molecules as the specific com-
pounds. The essential feature in chain-end scission is radical
isomerization of the end-radical to a more stable radical,
called a specific radical in our notation.

According to the LCA, contributions of initiation and ter-
mination reactions to the overall rate are negligible. Thus we
have the three reversible reactions

P() <5 Ri(x) (62)
Ri0 < R;(x) (63)
R;(x)%’i»gs(xs)JrR;(x—xJ) (64)

For simplicity, Q, stands for any specific (discrete) com-
pound, and in a complete treatment a reaction like Eq. 64
would be written for each specific product. Formation and
reactions of a random radical are excluded from these
schemes because the absence of random chain scission prod-
ucts in the typical experiments of PMMA and PAMS suggest
no formation of a random radical, or no reaction of a random
radical to the product Q..

The balance equations for p(x,t), g(x,t), r(x,t), and
rdx,t) are

ap/ot=~k,, p(x)+ky,r.(x) (65)
aq,/dt = kbxfxrx(x') §(x' —x)dx' —k, qs(xs)fwre(x')dx’
x 0
(66)

or, /ot =k, ,p(x)=ky r.(x)—k;r{x)+k;yrix)
+ kbsfxrs(x’) Slx —(x' —x))dx’ — k,, re(x)fmqs(x’)dx'
x 0
(67)

ﬂrs/ﬂt lh e(x) lerS(x) kbsrs(x)

+ kg, r(x - x,)q,(x,)dx’ (68)

The initial conditions are p(x,tr=0)=p,(x), q{x,t=0)=
q,{x), and r(x,t =0)=rx,t=0)=0. Applying the mo-
ment operation to each balance equation yields moment
equations

dp(n)/dt = khe P(n) + kHe rc(’”) (69)
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dqydt = ky xr® — k, q"r® (70
aride =k, p — kg r$ — ki v + k1t
+k,, Z O (=1 rm=D =k rig® (1)
i=0
n .
drs(n)/dt = kih r;n) - kiH rs(") - kbs ré") + kas Z ("J_)réi)qs("—}>
j=0

(72)

The specific product has the unique MW x_, so that g (x,7 =
g®(£)8(x — x,), and therefore g = x"¢®. For this specific
product, we need to solve for the zeroth moment only. If
several specific compounds are present, they are expressed as
a summation over the index s in the balance equations; then,
the complete MWD is semicontinuous (Cotterman et al.,
1985).

Zeroth moments are governed by the following differential
equations, where the QSSA for radical species has been ap-
plied

dp®dt = — k,,, p© + ky, 1,(0) (73)

dq®ydt =k, 19—k, gOr® (74)

0 = 0 0 0 0
At = K P = ki 10 ki 1O+ e 10

+ kot =k rOq O =0 (75)
rPq0 =0 (76)

0 — 0 0 0
dr_g)/dt_kihre(’)—kiHr§)_kbsr§)+kas e 45

Adding Eqs. 75 and 76 yields
1 = (kpe/k g1 ) p© an

so that by Eq. 73, dp®/dt =
tial condition to

0, which integrates with the ini-

pO()=pP (78)

The molar concentration of polymer is unchanged by chain-
end scission, which produces a specific product and a poly-
mer. Equation 74 gives

O = Ok + ko @) Mk + kigg) (79)
Then,
g0t = iy, 10~ ey, g
= (kpskip, = ko kit @Ok, Pk e (ks + ki) (80)
and

qo) = q“’)exp( k p(o)t)

+ (ky, ki /K g kiH)[l —exp(— kg pf,o)t)] (81D

where k, =k, k, k;y/kukps + kig).
g s™he™iH/ ™V He
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First moment equations for each species with the QSSA
for radical species are

dpVsdt = —k,, p®" + kyy, r0 (82)

1 1 1 1
dr; )/dt =khep( )_kHeré )_kihrzg )

Flr® 4 ke (KD = 2, i)~ ke g =0 (83)

Vg — 1 1 1
dr/de =k, i — ki v =k 7D

+ ko (rg® + rPg{") =0 (84)

The summation of first moments for polymer and radicals
yields df p¥ + ¢V + rV + risdt = 0, confirming the conser-
vation of polymer mass. With QSSA for the radicals, the mass
concentration of polymer and specific product p‘V + ¢! is
constant in time

PO = pP - 21400~ 4] (85)

The second moment equations for each species with the
QSSA for radical species are

dp®ydt = — ky, pP + ky, r® (86)

2) 1 qp 2 2 2 2
drf )/dt“khep( )~kHer¢£ )"kih’cE )+kiHrs( )
+hp (x2r0 25 O+ 1@y —k_ rEp®  (87)

Sy 2 _ 2 _ @ 2) (©
dr@Vdt =k, r® = ki r® — ko r® + k, (rPq"

+2r0g® 4 042 (88)

A summation of Egs. 87 and 88 gives
ke PP — kpor® + ko (x2r® = 2x,r(")

+ ko (2rNgd +1r0q®) =0
Then

dp(2)/dt = khe p(z) + kHeré’Z) = kbsxs(xsrém _2’..9))

+ ko x, g0 + x, 1) (89)

A summation of Egs. 83 and 84 gives

=

5

khep(l)_kHerc(’l)—kbsxsr§0)+kasrg)) (%90

Applying Eqgs. 77, 79 and 85 to 90 gives

rd = (khe/kHe){pz(jl) +x,q5) — [kos kin/kpe(kpg + ki ))x, pS

+ [kgps))/khe _-1] qu_go)} (91)

Y which is com-

s

Equation 84 provides an expression for
bined with Egs. 77, 81 and 91 to yield
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iV =[kpe/ Uiy + kp )Wk + kg OO pS + 2,9
— Lk kin/kpre (ks + Jei Ve, p0 + (g PSR e = 1))‘:‘19)(’)]
+[(ke P kne) x.a(0)]  (92)
Applying Egs. 77, 79, 81, 91 and 92 to 89 followed by integra-
tion gives
PO = p@ + x,t[2k, ko kg kg + ki )k gy Ky Ky by
X (pSP+x,p +x,q) +kgs ki (P +x,pP+x,45")
+kogkinklyx, pS — ki kix)
+ [(kas kingd - kbskih)zxz/kgs K tie k?HPéO)]
X (kpskpge + kpge kigg + koskipy PS5
X {expl — 2k ok o /k pekps + ko)) pPt1 =1}
[k ook @ = keypokip) X o/h o K gk (g + ki) ]
X[ =2k, ki ke ki (P8 + x, p0 + x g0
= kg ks ko, ki (apd +3x,p +4x,9)
=2k g ki ki kiggx PP = K oo ko ki 2P0 + x, p +2x,45)
+6ki ke ki kippxg +2 kg ki ki kix,
+akp ko, kix, +2k2 ko kix, p®)

X{expl =k, kpo /Ky lkp, + K,y pPt1 -1} (93)

Irreversible chain-end scission

In the absence of recombination (k,, < k,,), the polymer
zeroth moment is constant and the first moment satisfies Eq.
85. For the second moment, Egs. 79, 89, and 92 give

dp@ydt = ky x (x,r® —2rD) (94)

rO=r® ki ks + ki) ©3)

PO = [y kin/Chipg + ey e NP + 2,99
—[kpshin/k ks + ki) x p — x,4P1 (96)

When k,,=0 and ¢™(r=0)=0, Eq. 81 for the specific
product concentration is reduced to

qO(t) =k, pVt 7N
where k, =k, k. kn/kplkys + k;p). The linear time de-
pendence of the specific product moment g{®(¢) is exactly
what was derived by a simpler mechanism to describe experi-
mental data (Madras et al., 1996a,b). From Eq. 85 we have

pV@)y = pS ~ x .k, pOt (98)

Applying Egs. 95, 96 and 97 to 94 followed by integration
gives
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(2)([) (2} IR (D)l(l k t)
Po dxsp
—dex [p(l)t —(kd/khe)p(())] (99)

These results of p©®, p», and p® are consistent with the
corresponding results of McCoy and Madras (1997), except
for the term (k /k,,,)pY in Eq. 94. This negligible term arises
from the additional radical R, which is a transient species
given by the conversion of very small amounts of R, as indi-
cated by Eq. 95.

When k&, > k,,;, the activation energy for degradation
corresponds to E,,+ E;, — E,, =8+8—0=16 kcal/mol,
since E,, = E,, = 8 (Kerr and Trotman-Dickenson, 1951) and
E;, = 0 (Lehni et al., 1979). Although the values of activation
energies depend on the particular chemical structures, the
experimental data corroborate this generally low value for
chain-end scission relative to that for random chain scission
(30-40 kcal /mol). It should be noted that the radical isomer-
ization, Eq. 63, with a rate constant E;,, is required so that
the energy of activation corresponds to observed low values.

Irreversible chain-end addition

Chain-end addition (chain polymerization) in the absence
of decomposition (k,, < k,,), according to Eq. 81, can be
described by

qO() = qQexp[ -k, p0t] (100)
where k,, =(k,.k,,./k;,) and by Eq. 78
pO(1) = p® (101)

The monomer concentration decreases exponentially, and the
polymer concentration is constant. A convenient substitution
(Dotson et al., 1996, p. 109) for time is d6 = k,,q”dt, which
integrates to

(102)

g = [1_exp psP(O)t ]q«)) ©

Then, the first moment expression (Eq. 85) simplifies to

PO =pW® + x. p (103)
The interesting case for the second moment is when k, >
k,,, that is, when the radical concentration is small and con-
sistent with QSSA. When Eq. 86 is integrated, one then ob-
tains
P =pP+x pPo2p2E+ x (6+1]  (104)
The time dependence of the polymer variance from Eqs. 103
and 104 can be expressed as
P =pr + x20 (105)
To show the moments are consistent with accepted results,
consider the polymer delta distribution initial condition, that
is, py¥ = 0, and sufficiently large polymerization time so that
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pi'® <« p*t The average and variance are made dimension-
less by dividing by x, and x2, respectively, and are both equal
to 6. This is a defining property of the Poisson distribution,
which is the solution of the difference-differential equation
for discrete chain-growth polymerization. If we represent such
polymerization without radicals in the mechanism

k &)
P(X)+Q.(x)—5P(x+x,) (106)
then the continuous-distribution population balance equation
is

ap/ot =~k p(x)qg® + kpsq‘o)fer(x’ —x)p(x —x")dx'
0

(107)

If we define d@ as above, then integrate over x’, we find

op/o8 = — p(x)+ p(x - x,) (108)
Once can discretize with the integer index j= x/x,, which
gives the difference-differential equation that yields the Pois-
son distribution with mean and variance 6, identical to the
continuous-distribution approach. An advantage of the con-
tinuous approach is that the moment solution applies when
the initial condition for p(x,¢) is any distribution, whereas
the difference-differential equation is usually solved for a
delta distribution. Generally, we should expect that the dis-
crete and continuous theories will yield identical results when
a large number of components make up the distribution.

An expansion of p(x —x,) in Eq. 107 as a Taylor series
around x leads to a partial differential equation that is an
approximation to the exact population balance equation (Dot-
son et al., 1996, page 112). Rather, one should solve the inte-
grodifferential equation itself, either by a moment method,
or by the Laplace transformation (Aris and Gavalas, 1966), or
by a similarity method (Ziff and McGrady, 1986).

Conclusions

We have demonstrated that the continuous-distribution
approach to macromolecular reactions can describe re-
versible H-abstraction and chain scission. The method allows
an understanding of the MWD time evolution to equilibrium,
even though the chain-scission rate coefficient cannot be in-
dependent of MW for long times as we have assumed. Re-
sults are simplified by the long chain-reaction approximation
(initiation and termination steps have negligible effect on the
rate) and the quasi-steady-state approximation (radical rates
of change are vanishingly small). With these assumptions,
zeroth, first, and second MW moments have explicit expres-
sions for reversible random chain scission and for reversible
chain-end scission. The irreversible random and chain-end
scission results agree with experimentally verified rate equa-
tions. The results for irreversible step-growth polymerization
(reverse of random chain scission) and chain-growth polymer-
ization (reverse of chain-end scission) are also in accord with
accepted concepts. The advantage of the continuous, as com-
pared to the discrete, distribution approach is that the mo-
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ment equations are readily derived from the distribution bal-
ance equations for the primary reactions of macromolecules
and their radicals.
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